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Abst rac t - - ln  this paper, we discuss the semi-discrete FourieT spectral approximation for Lnfmite 
din~naional Hp, rniltonian systems and pay more attention to the Harniltonian structure. In this 
manner we consider furthe~ its preset"ration f conservation laws of the original Hamiltonian systems. 
INTRODUCTION 
Symplectic numerical method for finite dimensional Hamiltonian systems has been widely de- 
veloped by Feng's research group [1-5]. There are also some works on symplectic numerical 
method for infinite dimensional Hamiltonian systems [6-8]. Reference [6] is a finite difference 
method. It discretizes imutaneously the time and space variables uch that the transition from 
one time step to the next is a symplectic mapping. Reference [7] is a semi-discretization in time 
direction such that in the reduced system the transition from the one time step to the next is 
a symplectic mapping in the sense of the infinite dimensional symplectic manifold. Reference 
[8] emphasizes the consistency of the model in semi-discretization with the original Hamiltonian 
system. It chooses the translation invariance of Hamiltonian systems as the starting point. In the 
Hamiltonian systems which consist of a single equation with one space variable, the translation 
invariance implies many important properties, such as the total mass and energy conservation 
laws. But in the Hamiltonian system with more than one equaiton, the translation invariance 
has no such properties. In fact, for Hamiltonian systems, the most important is its Hamilto- 
nian structure. In this paper we consider the semi-discrete Fourier spectral approximation of 
infinite dimensional Hamiltonian systems and discuss the preservation of the conservation laws 
of the original Hamiltonian system. For the Hamiltonian system whose Hamiltonian operator is 
a constant differential operator, the Fourier semi-discrete system is also a Hamiltonian system. 
In this case, the semi-discrete system preserves all linear and quadratic onservation laws of the 
original infinite dimensional Hamiltonian system and the Hamiltonian function, i.e., it preserves 
the total mass, momenta nd quadratic energy and the Hamiltonian energy. Moreover, when the 
original Hamiltonian system is linear, the semi-discrete system preserves all conservation laws of 
the original system. But if the original Hamiltonian operator is non-linear, the reduced operator, 
generally speaking, is not Hamiltonian. However, the corresponding semi-discrete system still 
has some conservation laws. 
INF IN ITE  D IMENSIONAL HAMILTONIAN SYSTEMS 
In this section, we shall review briefly infinite dimensional Hamiltonian systems (see [10]) and 
list some examples. Firstly, we introduce some notation. 
C°°(Kt) :  the set of all infinitely differentiable functions on Rh; 
C~°(Rk): the set of all periodic functions in C°°(R k) with period 27r; 
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U = C~(R t) x . . .  x C~(Rt ! :  the direct product of C~(R  t) i times; 
T 
u = (u , , . . .  ,ut) T • U: an element of U; 
uj.i" the ]il-th derivative of uj, i=( i , , . . . , i t ) ,  [ i ]= i l+ . . .+ i t ;  
ti' ~_. (B / l , . . .  ,t i~)T; 
ti(n) ._ ( t i t  t i l  T ,  B2T ,  . . . , t inT)T ;  
H[u] - H(x, u(")) I when (x, u(")) is viewed as independent variables, n is infinitely differen- 
tiable; 
,4 - {H[u] - H(=, u (~)) I H being periodic in = with period 2r}; 
A t=Ax . . . xA .  
T 
Evidently, C¢°(R t) is a linear space and C~(R t) is a subspace of it. To every H[u] • ,4 there 
corresponds a functional 7"l = f H[u] din. The set of all functionals is denoted by ~ (~ = {7/= 
f H[u]dz I HM • ,4}). ~n = (6, ,n, . . .  ,6~,n)r is the variational derivative of the functional 
7/with respect o u = (u l , . . .  , ut) 7". Obviously, 67"/• ,4a. Let 9 : .A t ~ `4t be a linear operator. 
It is an I x I matrix differential operator. With the aid of the differential operator 9 ,  we can 
define a binary operator on .T: 
{7-l, g} = f ,57"tT9,sg dz, v~,g e y. (I) 
If it is anti-symmetric, i.e., 
and satisfies the 3acobi identity 
{n,g} = -{g,n} (2) 
{{n,g},Jc} + {{g,Jc},n} + {gc,n},g} = o, vn,g,Jc • y, (3) 
then it is called a Poisson bracket. In this case, the differential operator D is called a t/amiltonian 
operator. Condition (2) holds if and only if 7) is skew-adjoint: 9"  = -9 .  Verification of the 
Jacobi identity is very complicated. There have been many methods to do it, such as I. Gelfand 
and I. Dorfman's algebraic method [9], P. 3. Olver's functional multi-vector method [10], etc. For 
very simple case, we have 
THEOREM 1 [10]. Let 9 be a skew-adjoint I × l matrix differential operator, l_f its elements do 
not depend on u and the derivatives of u, then it is a Hamiltonian operator. 
In particular, i f9  is skew-adjoint and the coefticients of its elements are sdl constant, then it 
is a Hamiltonian operator. 
Let 7"/[u] E 5 be a given functional and 9 a Hamiltonian operator. Then the evolution equation 
u, = v6n[u]  (4) 
is called an infinite dimensional Hamiltonian system, 7~[u] is called a Hamiltonian functional, 
67"l[u] = (6u,7/[u],... ,6,,,7t[u]) T is the variational derivative of 7~[u]. 
We now give some examples. 
1. The simplest infinite dimensional Hamiltonian system is the first order wave equation 
gu Ou 
- (5) 
(gt 8x' 
The Hamiltonian operator is D = a=, the Hamiltonian functional is 91 = ½ fu  2 d=. 
2. The l-dim wave equation 
O~u 02u 
at 2 - az z. (6) 
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It can be rewritten as two forms of the first order equations 
Ou Ov { Ou 
~=o~ ~=~ 
Ov Ou ' av 02u " 
"~ = o-7 "~ = a,~ 
They correspond two Hamiltonian systems 
(7) 
O~ O~ 
(0  0z )and2)2= (01  10) are the Hamiltonian operators an d where fi = (u,v) T, ~D1 = O~ 0 
7"lx = ½ f(u ~ + v ~) dz and 7~2 = ½ f(v z + uZz)dz are the ttamiltonian functionals respectively. 
3. The 3-dim wave equation 
02 p O~ p 02 p 02 p 
~ = ~ + ~ + Oz2" (s) 
It can be rewritten as 
where u4 = P. Its matrix form is 
where u = (ul, u2, u3, u4) T, 
~Ul 0114 
au2 = au4 
Ou3 _ c9u4 
'Or - az  
c9u4 _ c9ul 
Ot az 
) 
Ou2 Oua 
- -+ '~y  + Oz' 
Ut '~ )" U, 
2) = 
0 0 
0 0 
0 0 
a a 
az Oy 
0 
0 - 
0 
a ;) 
Oz 
Obviously, ~D is a Hamiltonian operator. The corresponding Harniltonian functional is 
(9) 
(10) 
(11) 
7"[ "- ~ f(u~ -I-u~ q- u~ -I- u24)dzdydz. (12) 
4. Generally speaking, for the first order linear differential equation 
Ou #u Ou 
~" = A1 ~ +' . .  + At 0zt '  (13) 
if At, i = 1,... , k, all are ! x l constant symmetric matrices, then (13) is a Hamiltonian system 
with the Hvartiltonian operator 
a 
-- A~ ~ +. , .  + Ak 0x~ (14) 
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and the Hamiltonian functional 
74[-] = ½ f ( ,~  +. . .  + u,5 d~. 
5. KdV equation 
It has two Hamiltonian structures 
(15) 
u, = uu~ + u=~. (16) 
where 
u, = z~6nl[u] = E~74o[u] (17) 
6. Long water wave equation 
u, = ½O(u 2 + 2h - u:r), O = O 
ht = ½cg(2uh + hz), Oz" 
Kuperschmidt has proved in [11] that (20) has three Hamiltonian structures. 
(20) 
Ut ~- "Z)16741 ---~ ~)26742 "- '~3~743, 
where fi = (u, h) T, 
0 O) (21) 
/)1 = 0 0 ' 
2a au - a 2 '~ 
92 = uc9 + 02 hcg + Oh ] ' (22) 
( 2(uO + cgu) 2(ha + Oh) + O(u - 0) 2 ) 
~3 = \ 2(ha + Oh) + (u + 0)20 (u + O)(hO + Oh) + (hO + Oh)(u - O) " (23) 
The corresponding Hamiltonian functionals are 
741 = ½ f(u2h + h 2 - u.h) d~, (24) 
742 = ½ f Rhea, (25) 
743 = ½ f h d~. (26) 
Naturally, 74z, 742 and 743 all are the conservation laws of the long water wave equation (20). 
Another first order conservation law is f u dz. Moreover, (20) has a series of conservation laws 
of high order. 
We have seen in the examples 5 and 6 that an evolution equation may have more than one 
Hamiltonian structure. If there is a coupled relation between two different Hamiltonian operators, 
i.e., if 2) and E are Hamiltonian operators, so is their linear combination aD + bE, Va, b 6 R, 
then they are called a Hamiltonian pair. In fact, two Hamiltonian operators ~) and ~c form a 
Evidently, 1) is a Hamiltonian operator. £ is also a Hamiltonian operator, see [9] [10]. The lower 
order conservation laws of KdV equation are f u dz, 74o and 7/1. 
a / - ~..) d~, (18) 
(ua Ou) °~ / 
= ~ ~ + ~ " + a~--~' no=½ .~ d~. (19) 
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Hamiltonian pair if and only if ~) + £ is also a Haxniltonisn operator. If an evolution equation 
has two different Hamiltonimn structures which form a Hamiltonian pair, then it is called a bi- 
Hamiltonian system. It is well known that KdV equation is a bi-Hsmiltonian system. For long 
water wave equation, Kuperschmidt has proved that any two of three Hamiltonian operators (21), 
(22) and (23) form a Hamiltonian pair [11]. For a bi-Hamiltonian system there exists a series of 
conservation laws ?/0, 'Hi , . . . .  They are in involution mutually, i.e., 
{7/m, 7~n } = 0, Vrn, n. (27) 
SEMI -D ISCRETE FOURIER SPECTRAL APPROXIMATION 
Case I. We first consider the case of a single equation with one space variable, i.e., k = l = i. 
In this case, U = C~°(R), i.e., U is the set of all infinitely dilferentiable periodic functions on R 
with period 2~r. The inner product on U is defined by 
(u, t,) -- u .  ~dz ,  
Take the orthogonal basis 
Vu, v E U. (28) 
1 
V~' cosz, sinz, . . . ,  cosnz, sinnz, - . . .  
They are not normal. But the module is a constant V ~.  Set 
1 
B = span {~,  cos r, sin z , . . .  , cos Nz ,  sin Nz } C U. 
It is a 2N + 1 dimensional linear subspace of U. Set P : U --* B, 
N 
u -* f= = Pu = ao/vr2 + ~(a ,  cos nz + bn sin nz), 
m 
n----1 
where 
(29) 
(30) 
(31) 
lf02" ao = -~ u( z ) dz, 
1 Jo 2= an - - u(z)  cos nz  dz, 
/r 
bn = 1 fo 2r - u(z) sin nz dr, 
/r 
7"~ ~ 1, . . °  ) 
n= 1,. . .  
are the Fourier coefficients of u. P is an orthogonal projection from U to B. Denote ((.,-)) - 
((', "))B being the reduced inner product in B of the inner product (., .) in U, i.e., 
= = w,  • B. (32) 
Denote ]} - R 2N+1 - {~ - (ao,a l ,b l , . . .  ,aN,bN) T E R2N+I}. The inner product of ]}, 
denoted by (., .), is the usual Euclidean inner product, i.e., 
N 
(t~, ~) - ao~o + E (an~r, + bnbn), V~,/~ E /} ,  (33) 
r t= l  
where ~ = (ao,al ,b1, . . .  ,aN,bN) T. I : S -'+ B, 
N 
---, ~ = I~ = ao/V~ + E (a. cosnz  + bnsinnz), (34) 
ft----1 
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is an isomorphic mapping. Denote /5  = 1 - ,  o P : U ~ 1}. Then P, /5 and 1 have the following 
properties: 
((fi, fi)) = (Pu, Pv) = (Pu,v) = (u, Pv), Vu,v • U, 
(Ifi, Ifi) = ((Ifi, lfi)) = 7r(fi, 0), Vfi, 0 • B, 
(Pu, Pv) = ((Pu, Pv)) = 7r(Pu, #v), Vu, v • U, 
Po I= I ,  Po l= idB,  I oPu-Pu=uc=: ,u•B.  
(35) 
(36) 
(37) 
(38) 
Equations (35) and (38) are obvious. Equation (37) follows from (36). Equation (36) is because 
((la, 10)) = (a, ~) 
2~r N N 
= [ (aolV~ + E(a,~ cos nz + b0. sin nz))(ao/V/2 + Z(fi,~ cos nx + b0. sin nz))  dz 
n=l  n=l  
N 
= ~(a0a0 + ~(a0.a. + b.~0.)) 
o,----I 
= ~(~, 0). 
From (36) we know that the isomorphic mapping 1 does not preserve the inner product, but 
only different from a constant factor. If the orthogonal basis in U is also normal, then I preserves 
the inner product. 
The discretization of the Hamiltonian operstor 2) is 
D=#oZ)  oI: B---*B, 
D(f i ) f  = P o V( l f i )  • I0, Vfi, 0 • B. (39) 
LEMMA 2. Let ~) be skew-adjoint. Then D defined above is skew-symmetric. 
PROOF. Vfi, 01,02 • Tai l ,  
(D(fi)0I, ~2) = (jB o "D(If i) I f l ,  02) 
= , r -~(P o ~(I~)I0~, 102) 
= ,~-~(z , ( I ,~) Io~,  Io~)  
= -~ ' -  ~ ( I~t, V(If,)IO2) 
= -~-~(I0~, P o V(IfL)I~2) 
= -(oi, ~ o v(1~,)xo2) 
= -@i, Dff,)02). ! 
(by (36)) 
(by (38)) 
(102 • B) 
( !  = P o I and the symmetry of P)  
The discretization of a functional in U is 
= = o I ,  (4o)  
7r 
i.e., 
I 
H(fi) = ~7~(Ifi), Vfi 6 B. (40') 
We now consider the discretization of variational derivatives. For every fi 6 ]~, Ifi 6 B. Hence, 
H(If i )  = ~/(fi)(If i  = fi) can be viewed as a functional of ft. By (40'), H(fi) = -~H(If i) is also a 
function of ft. Then there is a relation between the variational derivative as a functional and the 
gradient as a function. 
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LEMMA 3. 
V~H(~) = P6~(I~), W e ~ 
PROOF. For any d E ]~, 
d 
I H(~ +,~) v~t/(~). ~ = (V~H(~),~) = ~.,=o 
1 d I 
= ; ~ ll,=o ~t(t~ + d~) 
= !(6~(x~), i~) 
ff 
= l(P67/(I f i ) , I~) ( by (38) and the symmetry of P) 
= (P6~t(i~),~,). I
(41) 
Now we define the semi-discrete approximative equation in/~ of the infinite dimensional Hamil- 
tonian system (4) as 
d,~ 
- -  = DVc, H(~). (42) 
dt 
If D is still a Hamiltonian operator, then (42) is exactly a finite dimensional Hamiltonian system. 
As an example, we consider the first order wave equation again 
Ou 8u 
where 2) o 7/[u] = 1 f : ,  = y; ,  ~ u s dz. By above definitions, 
([: [0 0 1) D=diag  0, 1 " " '  -N  ' 
H(~) = ~ a°/VI2 + E (an cos nz + b, sin nz) dz 
n..~1 
I n=l 
Then 
VdH(fi) = (a0, a l ,b l , . . .  ,aN,bN) T. 
The corresponding semi-discrete approximation is 
dao 
dt =0,  
dan 
dt = nbn, (43) 
n = 1,2,. . .  ,N. 
db, 
dt = -nan, 
If we expand u as a Fourier series and substitute it into the first order wave equation, we get 
dao 
dt =0,  
dan 
-~ nbrl , 
dt 
dbn 
dt =-nan,  
n -- 1 ,2 , . . . .  
(44) 
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Hence, (43) is the N-th order truncation of (44). If u0 E B, then the approximate solution of 
(43) is also the exact solution of the first order wave equation. 
By the operator D we can define a bracket 
{{H, G}} = (VaH)TDVaG.  (45) 
Since by Lemma 2, D is anti-symmetric, D is a Hamiltonian operator if and only if (45) satisfies 
Jacobi identity. If H and G are the discretization of the functionals ? /and  G respectively, then 
by Lemma 3, (35), (37) and (38), we have 
{{H(fi),G(~)}} = (Vc, H(iL))TDVaG(fi) 
= (/567"/(Ifi))T/5 oT)(Ifi). I(/56g(Ifi)) 
= (/567-/(Ifi),/5 oV(Ifi) • P6g(Ifi)) 
= 1(p87-l(Ifi), P o :D(Ifi). P6G(I~)) 
?r 
= 1(87-/(hi), P o :D(If 0 • PSG(IiO) 
= l (P67- l( I f i ) ,V( I f i ) .  P6G(Ifi)). 
On the other hand, {7"/, G} is also a functional on U. So it has its own discretization. 
{u, g}(~) = {~, g} o i(~) 
1/02~ - - 67 - l ( Ih ) :D( Ia )6G( I f i )  dx  
= l (6~( I f i ) ,  V(IiJ)d~G(Ifi)). 
Comparing (46) and (47), we have 
THEOREM 4. I f  ?'l and G all are quadratic functionals, i.e., 7"/and G have the form 
where 8~u = - -  8iu 0°u = u, then 
2t  M 
f0 ~ c~ 0'u0~ u dx, 
i,j=O 
(46) 
(47) 
(48) 
( P6~( I¢,), D P6g( I fO ) 
(P6~(If i ) ,  2~(I~)P6G(Ifi)) = (6~(Ifi), T~(/fi)dig(Iv])). 
This is just the right hand side of (47). So we know that the first part is true. 
If T) does not depend on u and its derivatives, then :DP6G(If~) = P(D6g(Ifi)). Hence when ?/ 
is quadratic, 
Therefore 
{{H(~), a(~)}} = {~, g}(~) = {~t, g}(x~). (49) 
I f  the Harniltonian operator l) does not depend on u and its derivatives and either ?'l or G is a 
quadratic functional, then (49) is also valid. 
PROOF. When 7"/is a quadratic functional, 67-/is linear. In this case, 
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= 
= 
= 
Therefore (49) is also valid. | 
Although we have Theorem 4, it does not know when D satisfies the Jacobi identity. If/) does 
not depend on u and its derivatives, D is naturally a Hamiltonian operator. Generally speaking, 
we can not know whether or not D is Hamiltonian even if ~ is a Hamiltonian operator. For 
example, the operator l) = u a 0 + ~-~zu- is Hamiltonian, For N -- 1, 
--~-al 
Tbl 0 N/f2a0 (50) 
-v a0 0 
is a Harniltonian operator. For N - 2, 
0 ~'~'2bl --~-alV~ _v/~b2 vf~a 2 
3 
-~b i  0 v /2ao-3b l~a l  
D = V f~ 3 3 (51) -Taz  - vf2a0 0 -~a l  -~bz 
3 v/'2b2 3bl ~al 0 2vf2a0 
-v~a2 3 3 -~a l  ~bz -2v~a0 0 
It can be verified that (51) is not a Hamiltonian operator. Even in these cases, we may still 
discuss the lower order conservation laws of the semi-discrete approximative equation (42). 
THEOREM 5. 1 °. It" the original Hamiltonian system is //near, i.e., the' Hamiltonian operator 
l) does not depend on u and the derivatives of u and the Hamiltonian functional is quadratic, 
or ~ depends linearly on u and the derivatives of u and the Hamiltonian functional is//near, 
then the semi-discrete approximative system (42) preserves all conservation laws of the original 
Hamiltonian system. 
2 °. L ¢ l) does not depend on u and the derivatives of u, then the semi-discrete system (42) 
preserves all linear and quadratic conservation laws of the original Hamiltonian system and the 
Hamiltonian enerf, y. 
3 °. /t'7~ is quadratic, then the semi-discrete system (42), in spite of whether it is Hatrdltonian 
or not, preserves all//near and quadratic onservation laws. 
4 °. In any case, (42) at least preserves the Hamiltonian energy. 
40 follows from the anti-symmetry of D. 2 o and 3 o and the first part of 10 follow from Theo- 
rem 4. For the second part of 1 °, noting that in this case 67~ is a constant, hence 
= -(ev6~(x~),  6~(x~)) 
= -(v6u(x~), 6~(z~)) = (6u(z~),v~(z~)). 
Therefore for any functional ~, 
= = 
21:4-f  
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! 
G(fi) = ¢(fi) = ~( I f i ) .  Then we get the result, l where 
In the previous section we have known that KdV equation has two different Hamiltonian 
structures 
O,u = uu~ + u~,~ = v~[u]  = ,¢,5~o[u], 
where 
0 ]0 = - -  - ~ur )  dz,  v 0~' ~[u]= (~u3 ~ 
(u ° ° u ) 03 fo 2" =~ ~+~.  +~-~, n0[u]=½ u ~dx 
Hence it has two different discrete forms 
dfi 
d"-[ = OVa H1 (@), (52) 
dfi 
d-7 = EV~ H0(~), (53) 
where D, E, HI, H0 are the discretizations of2~, ~:, 7/1 and 7/o respectively. D is linear, so it is 
a Hamiltonian operator. Thus (52) is a finite dimentional Hamiltonian system. But E is not a 
Hamiltonian operator. So (53) is not a Hamiltonian system. 
Because 
DVt~HI(fi) = /5  o 2). I . /~69fl( I f i )  
= I - I (P  o ~D. P69i1( I~))  
= I - l (P  o Z)67"11(lfi)) 
and D67"{1 = ~FHo, we have 
EV~Ho(,a)  = P o C(Z,a) • I .  $'67/o(I,~) 
= I - l (e  o e ( Iu ) "  P"  6Ho(I~))  
= I - I (P  o E( I f i )6Ho(P o I~))  ( since 7/o is a quadratic functional) 
= I - l (P  o ~(Ifi)6Ho(lfi)) ( by (38)) 
= I - I (P  o ~)( I t~)~l ( t~) )  
= DVani( f i ) .  
The right hand sides of the equations (52) and (53) are the same. Viewed as ordinary differential 
equations, they are the same one. Of course, they have same conservation laws. By Theorem 5, 
the conservation laws of the Hamiltonian system (52) are H0, H1 and G = ~ = l f f ( i f i ) ,  where 
~r 
6 = fudz .  
Case I I .  We next consider the case of i >_ 1. In this case, U = C~ ° !R) x . . .  x C~°(R). The 
F 
element in U is denoted by u = (u l , ' . .  ,uz) T, ui E C~°(R). The inner product is 
I 
(u, v) - E (u , ,  vi). (54) 
i----1 
The basis of every component is (29). Their combination forms the basis of U. For example, for 
I = 2, the basis of U is 
1  (0)(Co (co0)( i0  / ( . i0)(oor) ) , l ~ , , , I I 
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The orthogonal projection is P : U , B, 
Pul ) 
f i=Pu= " , 
\ Put 
(58) 
where B is a (2N + 1)I dimensional subspace of U. Hence, B is isomorphic to a real linear space 
= R (2N+1)t. The inner product in B is also the Euclidean inner product. Similar to (34), we 
can define an isomorphic mapping / : B , B and further define 5 =/-1 oP. The inner product 
((', "))B in B, the discretizations of the Hamiltonian operators and functionals are the same with 
the previous ones formally. Thus the semi-discrete system is still (42). And the properties (35) 
- (38), Lemrnas 2 and 3, Theorems 4 and 5 all are valid for the present case. The different point 
is just the form of a quadratic functional. It is at present 
2~r M I 
i,.f =0 a,~=O 
We now consider the semi-discrete Fourier spectral approximation of the long water wave 
equation. From the previous ection we know that it has three different forms 
where u = (~1,u2) T, ~)1, ~)2, ~)3 and 7"{1, 7"/2, ~3 are given by (21 - 26) respectively. Here 
u, corresponds to u in (20) and u2 to h in (20). Denote D,, D2, ]93 and H1, //2, Hs the 
discretizations of I)i, ~D2, I)3 and ~1, ?/~, ?/3 respectively. Then we get three different semi- 
discrete systems 
d~ 
d-7 = D, H, (57) 
d~ 
d-T = D2V,~H2(~), (58) 
d,~ d-T = DsV~Hs(¢~). (59) 
DI is linear, so it is a Hamiltonian operator. Therefore (57) is a finite dimensional Hamiltonian 
system. Hence (57) is of the conservation laws HI, H2, Hs and G = ~, ~ = f u, dz. 
For N - I, D2 is a 8 x 8 matrix 
D~(8) = 
"0 0 0 0 0 0 
1 1 ~ 1 1 
o o 
1 1 
0 ~s  0 1 2 ~, i I  
1 1 
0 ~e -I O ~1 v~2 
1 . 1 
0 - u8 -2 -v Ul 0 I 
1 ^ 1 
0 -~u4 -~ I  -V~2 - I  0 
Direct verification shows that it is a Hamiltonian operator. So as N = 1, (58) is a Hamiltonian 
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system. For N = 2, D~ is a I0 x I0 matrix 
D~(fi) = 
"0 0 0 0 
Q5 'Qs 0 0 
0 ']~ 0 l + d.~9 
fie 
^ 
- (1 + 2)  o 0 
^ 
~3 ~1 2)  o 
0 u4 u~ 'az -V /2~ -1  
0 v~9 0 ~ 
0 '~a lo  '~ 3~ 
0 - x/2~z 0 -t~a 
0 - x /~s  ~a 3^ 2 -~u4 
0 0 0 0 0 0 
d3 d4 
2 fq ~7 0 f~ 0 ~a 
0 1 -  ~_~9 0 fi3 0 u5 
2 2 2 
fi9 3 3 
+-~- 0 -~3 -~  -~ -~ 
0 u3 0 4 4 V~fiz 
/~3 3 
0 ~ -4  -v~ 0 4 
f~ 3 
-~- ~e -V~Qz -2v~2 -4  0 
I t  is not a Hami l ton ian operator .  Hence, for N >_ 
has the s imi lar property.  
However, since 7~2 is a quadrat ic  funct ional  and 
equat ion,  we have the equat ion 
2, D2(fi) is not a Hamiltonian operator. D3 
7~3 is a linear functional, similar to the KdV 
D1V~HI(fi) = D2V~H2(fi) = D3Ve, H3(~). 
So (57), (58) and (59) are the same ordinary differential equation. Of course, they have same 
conservation laws. 
This method can be generalized to the case of k > 1, ! > 1. The conclusion is similar. We 
omit it here. 
Discussion 
As we mentioned above, the semi-discrete Fourier approximation can not preserve the bi- 
Hamiltonian structure for nonlinear bi-Harniltonian systems. The important point of bi- 
Hamiltonian systems is that they have a series of (possibly infinite) conservation laws. If in 
semi-discretization, wecan get semi-discrete bi-Hamiltonian systems of finite dimensions approx- 
imating the original bi-Hamiltonian systems, then the semi-discrete systems also have a series 
of conservation laws. But it is still an open problem whether there exists a discretizing method 
which can preserve the bi-Hamiltonian structure for bi-Harniltonian systems. 
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